In this paper we prove that two global semianalytic subsets of a real analytic manifold of dimension two are separable if and only if there is no analytic component of the Zariski closure of the boundary which intersects the interior of one of the two sets and they are separable in a neighbourhood of each singular point of the boundary.
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In this paper we prove that two global semianalytic subsets of a real analytic manifold of dimension two are separable if and only if there is no analytic component of the Zariski closure of the boundary which intersects the interior of one of the two sets and they are separable in a neighbourhood of each singular point of the boundary.
We show also that, unlike in the algebraic case, the obstructions at infinity are not relevant.
Introduction.
This paper is mainly concerned with the problem of separation for a special class of semianalytic subsets of an analytic surface M , namely the global semianalytic sets, i.e., semianalytic subsets admitting a description of the type S = Of course A and B cannot be separated if A ∩ B = ∅, exactly as they cannot be generically separated ifÅ ∩B = ∅.
As in the algebraic case, it is easy to realize that two open sets, even if they are disjoint, are in general not separable, as for instance the open sets as in Figure 1 .
The separation problem makes sense also for constructible subsets of the real spectrum of a ring and this problem has been solved by Bröcker in terms of finite spaces of orderings (see [ABR96] ).
In the algebraic setting, in view of the Artin-Lang property, which acts as a translator between semialgebraic sets and constructible sets in the real spectrum of the ring of regular functions, this result makes it possible to characterize completely the geometric obstructions to separation. Unfortunately the Artin-Lang property does not hold in general for the ring O(M) of global analytic functions (see [AB90] ) and it has been proved only for the field of meromorphic functions on an analytic manifold of dimension 2 (see [Cas94a] ).
One among the reasons is the presence in Spec r O(M) of the so-called unbounded orderings, whose associated ultrafilter does not converge to a point.
In this paper we prove that these orderings (at least in dimension 2) have no role in such type of problems: In fact we prove that A and B can be separated in a surface M if and only if they are separated in any compact set: This is essentially because of the fact that we can use in this setting Whitney approximation theorem. This is one of main differences between the algebraic and the analytic cases: In fact it is easy to see that the last statement does not hold for semialgebraic sets, for instance, if we consider A and B as in We handle the separation problem in a rather direct way; we find (see Theorem 2.3 and Theorem 4.2) that the obstructions lie in the boundary of the sets A and B and that it is possible to list them in a similar way as in the algebraic case. Each one produces an obstruction for the separation of the associated constructible sets in the real spectrum which does not involve unbounded orderings.
The same methods apply to the basicness problem.
1. Generic equations for global analytic sets of codimension one.
The aim of this section is to prove the following theorem: Proof. Arguing as in [Tog80] we get finitely many global analytic sections,
Then, it is possible to find neighbourhoods U i of α i , i = 1, . . . , N, such 
So, we can construct an analytic line bundle having {U i } i∈I as its neighbourhoods of trivialization and {f j /f i } as its transition functions. Observe that a global analytic section of this vector bundle is given by a collection
Note that the functions {f i } give a global analytic section f such that
transverse to the zero section and to the regular part of Y . Such a section exists by general theory of C ∞ vector bundle, see for instance [Hir94] .
By Lemma 1.3 we can appoximate σ with a global analytic section g = {g i } i∈I with the same properties. This means that Y = ∪ i V (g i ) is a smooth (global) analytic hypersurface of M and it intersects Y in codimension bigger than one. For each x ∈ Y ∩U i , g ix is an irreducible germ such that I(Y ) x = (g ix )O x and f ix , g ix are coprime. We want to prove that Y is the global analytic set we were looking for.
By taking on each open set U i the function h i = f i g i we have a section of an other line bundle whose transition functions are (f j /f i ) 2 : Now, the exponential map and the associated usual exact sequence
. Under this isomorphism the image of a line bundle is the cocycle of the signs of its transition functions, so, this cocycle is trivial and hence the line bundle is trivial. This means that there exists a zero cocycle 
Proof. Choose a C ∞ section σ such that σ(x) = 0 for each x ∈ D, by Lemma 1.3 we can approximate it by an analytic section that still has this property.
Proposition 1.5. If Y is an irreducible global analytic set of codimension 1 then, the ring O(M) I(Y ) is a rank one discrete valuation ring of the field M(M).
Proof. Let Y ⊂ M be as in Theorem 1.1, and let t ∈ O(M) be a generator for the ideal I(Y ∪ Y ). We want to prove that t generates the ideal Otherwise we can repeat the same arguments getting that sh = ts for some s ∈ O(M), i.e., t 2 |fh 2 . Let's prove that there is a maximun integer n such that t n |fh n . Indeed, choose x ∈ Y such that I(Y x ) = (t x ) and h(x) = 0, since O M,x is noetherian, there exists a maximum integer n x such that t nx x |f x , in particular, being h x a unit, t n x cannot divide f x h n x for n > n x and this implies our assertion. 
Separation in a neighbourhood of the boundary.
In this section we will prove some results which make it possible to pass from separation in a neighbourhood of the boundary to global separation.
An essential tool is Lojasiewicz's inequality. It works for compact global semianalytic sets of any dimension, nevertheless this hypothesis of compactess is not needed in dimension two. The following Theorems 2.1 and 2.2 are proved in [DC99] :
We shall often use Lojasiewicz's inequality in the following formulation, compare [BCR87] for the algebraic case. such that:
What follows is the main result of this section: 
Moreover assume that for each n, the semianalytic set germs A xn \ {x n } and
The proof will be done in several steps, the aim being to pass from several functions separating A and B in a neighbourhood of some piece of X to a unique global function separating A and B in a neighbourhood of X. Then we shall pass from the neighbourhood of X to the whole M . 
Then, it follows that, on A xn ∪ B xn , the germ defined by the zero set V (f n ) is contained in {x n }, which is the zero set of x − x n 2 . By the local Lojasiewicz inequality, being A and B closed, there exist an even integer p n > 0 and a positive constant c such that
Up to take a bigger p n we can suppose c = 1. Denote by m xn the maximal ideal of the local ring O M,xn . By applying Cartan's Theorem B we find a global analytic function g ∈ O(M), such that for all x n ∈ D we have g − f n ∈ m 2pn+2 xn . Then, there exists an open neighbourhood U n of x n such that g(x) has the same sign as f n (x) for any x ∈ (A∪B)∩U n , so, g separates A from B in a neighbourhood of D, as wanted. Moreover, since ψ = q on V the function η : M → R defined by
is C ∞ and we are to approximate it by an analytic function.
Note that if A∪B ⊂ V we can take r = 0, so we can suppose (A∪B)\V = ∅.
Since
Set
Note that s m+1 and t m+1 are well-defined and strictly positive constants. Let ε m+1 ∈ R be a constant such that
It is well-defined because t m+1 > 0. According to Whitney's approximation theorem, there exists a global analytic function r such that, for each
We want to prove that r = r t 2 is the global analytic function we looked for.
We begin by showing that the analytic function q + r separates A and B outside V .
For each
So q + r has the same sign as ψ on (A ∪ B) \ V . Consider now the sign of q + r on V . By construction, being η = 0 on V , we have, for each x ∈ V , |r (x)| < 1 (1 is bigger than ε m for each m).
So if x ∈ ((A ∪ B) ∩ V ) \ X we have the following sequence of inequalities:
Note that the first and the last inequalities are strict because t(x) = 0 and t(x) < 1. It follows that q + r has the same sign as q on (A ∪ B) ∩ V and this completes the proof.
Proof of Theorem 2.3. By Lemma 2.4 there is a function g that separates A and B in a neighbourhood U of D. Then, by Lemma 2.5 it is enough to glue together the function f of the statement with g, to get a function q separating A and B in a neighbourhood of X. Let's see that, up to shrink them, we can assume that U and V are closed global semianalytic sets. Since D is a discrete set, we can assume U to be an union of disjoint balls. Let U = i∈I B i and let f i ∈ O(M) be such that B i = {f i > 0}. Then the sheaf I x = i∈I f i O x is well-defined and coherent. We want to prove that I is principal, i.e., there exists a global analytic function g such that g x O x = I x for each x ∈ M . Then we get U = {g > 0} or U = {g < 0}. In order to prove that I is principal we have to find a locally finite open covering of M , U i , and generators g i for I |U i , such that g i /g j is positive on U i ∩ U j , when U i ∩ U j = ∅. Choose U i and g i in this way: Each U i intersects at most a ball, say B j(i) ; if U i intersects B j(i) we take g i = f j(i) , if it does not intersect any ball and it is contained in one of them, take g i = 1, else choose g i = −1. The same argument holds for V because V can be written as a finite union of sets that are unions of disjoint balls. Remark 2.6. Note that if A ∩ B = D is a discrete set one can remove the hypothesis on the dimension of M . Indeed, the thesis follows by Lemma 2.4 which holds without any dimension hypothesis and by Lemma 2.5 that, in this situation, can be proved using only the local Lojasiewicz inequality.
A consequence of these results is the following: Proof. It is enough to prove that, for each x ∈ A ∩ B, there exist a neigh-
f x (B ∩ U x \ {x}) < 0 and this is true by [Rui84] .
Generic separation versus separation.
In this section we prove that generic separation and separation are "almost" equivalent in dimension two, the proof uses essentially the same methods as in the algebraic and local analytic cases, cf. [ABF96] , [ABR96, Chapter 3]. Obviously, separation implies generic separation but the converse is not true, as it is easily seen by taking for instance the sets in R 2 :
A and B are disjoint global semianalytic sets, they are obviously generically separable by the function f = y but any function generically separating A and B must vanish at some points lying in A ∪ B and therefore they cannot be separated.
Note that any function f which generically separates two global semianalytic sets, A and B, must vanish identically on A ∩ B and therefore on
. Then a necesssary condition for A and B to be separated is that
We shall prove that this condition is also sufficient. This result follows from next theorem which shows that, given two generically separable sets, there exists a "minimal" set outside which they are separable. 
Assume they are generically separable, then, there exists
f ∈ O(M) such that f (A \ A ∩ B Z ) > 0 f (B \ A ∩ B Z ) < 0.
Proof. Suppose that f ∈ O(M)
, m has to be odd, since W intersects the interior of one of the two sets m has to be even.
Separation and walls.
Let A, B be global semianalytic subsets in M , dim M = 2, such thatÅ∩B = ∅.
We recall that the boundary of a global semianalytic subset S ⊂ M , ∂S = S \S, is a semianalytic set of dimension ≤ 1 contained in the zero set of the product of the functions appearing in any description of S. Therefore, ∂S is global by [Cas94b] .
Set Y the Zariski closure of ∂A ∪ ∂B . Note that ∂A ∪ ∂B being global, Y is a proper analytic subset of M.
Definition 4.1. We will call a wall any irreducible component of Y of dimension one. We say that a wall W is odd if there is a 1-dimensional subset W ⊂ W which is contained in A ∩ B. We say that a wall W is even if there is a 1-dimensional subset W ⊂ W which is contained inÅ orB.
Note that walls may be neither odd nor even, also they can be both odd and even, as for istance in the proof of Corollary 3.2.
For any odd (resp. even) wall W , let t ∈ O(M) be an uniformizer for O(M) I(W) , then any possible function f generically separating A and B can be written as f = t m u, with u ∈ I(W )O(M ) I(W) and m odd (resp. even, possibly zero). It is clear that the parity of m doesn't depend on the choice of the generator.
In the right-hand of Figure 1 there is an example of an odd and even wall. Obviously, if some wall W is simultaneously odd and even A and B can not be generically separable, we want to show that the converse is "almost" true. 
, then the following assertions hold:
For each x ∈ Sing Y the semianalytic sets germs A g x \ {x} and B g x \ {x} are separable.
Proof.
1. Since X ∪ Y is a global analytic set, it is enough to prove that
So we can assume x ∈ A and this implies g(x) ≤ 0. We want to prove that g(x) = 0. Suppose g(x) < 0, being A open, we can find a neighbourhood U x of x contained in A ∩ {g < 0}. Since A ∩ B = ∅, we have that U x ∩ A g = ∅, which contradicts the hypothesis x ∈ A g . We argue similarly for x ∈ B and for x ∈ ∂B g . This is completely different of what happens in the algebraic case where the behaviour at infinity is decisive for the separarion of semialgebraic sets, as the example in Figure 2 shows. It remains true that the important information is at the boundary but they may be hidden and appear only after compactifying and doing some blow ups, more precisely in a compact model of the variety where the semialgebraic sets are at normal crossings, see [AAB99] . (The field of meromorphic functions on an analytic manifold is not preserved under blowing ups, so there is no special model of M suitable to study A and B.) Remark 4.6. We want to justify the assertion in the introduction that unbounded orderings are not useful. This is clear if the obstruction is a point. If W is a wall simultaneously odd and even, take two points x 1 , x 2 ∈ W such that W is odd in a neighbourhood of x 1 and even in a neighbourhood of 
Note that
Z g ⊂ (Y g ) c ∪ Sing Y g , since Sing Y g is contained in X ∪ Sing Y ,X i ) = (g i )O M , X i ∩ Y is a discrete set, i = 1, 2 and X 1 ∩ X 2 ∩ Sing Y = ∅. Then we have the sets A i = A g i , B i = B g i , Y i = Y g i and Z i = Z g i , i = 1
Basicness for global semianalytic sets.
We can use the criterion for separation of the above section to prove a similar result for another kind of problems: Basicness and principality of global semianalytic sets. Since two open basic semianalytic set germs in dimension 2 can always be separated, cf. [ABR96] , it is enough to prove that B i,x and S x are basic for each x ∈ Sing Y i . This is true by Hypothesis 2 (note that S x is principal if x ∈ Sing ∂S Z ).
Hence, we can find f i ∈ O(M) such that f i (S) > 0 and f i (B i ) < 0. Then, S = {f 1 > 0, . . . , f r > 0}. Indeed, if x ∈ S, x ∈ B i for some i ∈ {1, . . . , r} and this implies that f i (x) ≤ 0 for some i ∈ {1, . . . , r}.
As it concerne the statement about principality, with the same argument we can separate S from M \ S proving that S is principal.
Arguing as in Remark 4.6, we see that unbounded orderings are again useless for the basicness and principality properties, more precisely: 
